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Abstract: We present the two-loop virtual amplitudes for the production of a top-quark
pair in gluon fusion. The evaluation method is based on a numerical solution of differential
equations for master integrals in function of the quark velocity and scattering angle starting
from a boundary at high-energy. The results are given for the renormalized infrared finite
remainders on a large grid and have recently been used in the calculation of the total cross
sections at the next-to-next-to-leading order. For convenience, we also give the known
results for the quark annihilation case on the same grid. Outside of the kinematical range
covered by the grid, we provide threshold and high-energy expansions.
From expansions of the two-loop virtual amplitudes, we determine the threshold be-
havior of the total cross sections at next-to-next-to-leading order for the quark annihilation
and gluon fusion channels including previously unknown constant terms. In our analysis of
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1 Introduction
Results for next-to-next-to-leading order corrections to hadronic cross sections for top-
quark pair [1–4], di-jet [5, 6], and Higgs + jet [7] production demonstrate the recently
achieved tremendous progress in perturbative techniques. On the one hand, these de-
velopments were made possible by research on subtraction schemes, in particular antenna
subtraction [8, 9] and sector improved residue subtraction, STRIPPER, [10, 11]. On the other
hand, the case of top-quarks required the application of semi-numerical methods [12] for
the evaluation of two-loop virtual amplitudes. It is the purpose of the present publication
to present the results for these amplitudes in the gluon fusion channel thus completing the
documentation of the ingredients necessary to reproduce the cross section results of ref. [4].
Beyond the one-loop level, most of the known virtual amplitudes have been obtained
by a reduction of the Feynman integrals using integration-by-parts identities [13] and the
Laporta algorithm [14], followed by the evaluation of the occurring master integrals, either
by Mellin-Barnes methods [15, 16] or analytic solution of differential equations in the kine-
matic invariants [17, 18]. As far as top-quark pair-production amplitudes are concerned,
there is an on-going effort along these lines, aiming at fully analytic results [19–23]. While
differential equations provide an iterative algorithm for the evaluation of the integrals, the
main problem is to find an appropriate basis of special functions to express the results. An
alternative strategy has been proposed in ref. [12] and applied to the quark-annihilation
channel. Instead of solving the differential equations analytically, the idea was to resort to
numerical methods. The problems of this approach are of two kinds. At first, it is necessary
to provide a boundary condition in the form of high precision values of the integrals at a
single point. Inspired by refs. [24, 25], a point in the high-energy range has been chosen
for this purpose. The asymptotics of the integrals in this limit have been derived using
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Mellin-Barnes techniques. The second problem is related to singularities of the differential
equations, which cause substantial problems. In the case of the quark-annihilation channel
amplitudes the use of higher numerical precision was sufficient to provide numerical values
within some acceptable kinematical domain. Unfortunately, the gluon fusion channel is
substantially more demanding both in the determination of the asymptotics of the inte-
grals, and in the treatment of numerical instabilities. The techniques that we have applied
in this case are documented in this work.
The presentation of numerical results is always a non-trivial issue. If the functional
dependence of the amplitudes is smooth enough, one might consider giving a grid of values.
This is indeed what we have done. One must, however, remember that due to well-known
singularities (mostly Coulomb and collinear), the amplitudes diverge in some corners of the
phase space. A result in the form of a grid is not practicable there. Instead, we provide
expansions beyond the borders of the grid, both close to the threshold and far away from
it. Finally, even though the quark-annihilation amplitudes are known since ref. [12], we
reproduce them here in the same format as those of the gluon-fusion channel.
The two-loop amplitudes presented here have already been used for the calculation
of total cross sections. Moreover, they will be used in the near future for the evaluation
of differential distributions, and will certainly serve as a benchmark for on-going analytic
calculations. There is yet another application of our results, which concerns the threshold
expansion of the total cross sections. In ref. [26], we have discussed how to derive such an
expansion from soft-gluon factorization using virtual amplitudes and soft functions. In this
work, we will apply these methods and derive the leading threshold effects including quark-
velocity independent terms. This is an extension of the results of ref. [27]. Interestingly,
while the study presented in the latter reference aimed at the derivation of all the terms
singular in the velocity of the top-quark, our new result shows a discrepancy in the form of
a logarithm of the velocity, which is due to Coulombic effects. We will elucidate the origin
of the omission.
The paper is organized as follows. In the next section, we introduce our notation,
and discuss ultraviolet and infrared renormalization of the amplitudes. Subsequently, we
describe the evaluation of the high-energy asymptotics of the master integrals and the
numerical/semi-numerical solution of differential equations for arbitrary kinematics includ-
ing expansions at singular points. We continue with the presentation of the results for the
amplitudes including benchmark numerical values, and threshold expansion. Finally, we
present the threshold expansions of total cross sections. The main text is closed with con-
clusions and followed by appendices containing renormalization constants and anomalous
dimensions, as well as cross section expansions for arbitrary color. The numerical results
for the amplitudes on a phase space grid, and their high energy expansions are attached
to the electronic submission of this paper.
2 Preliminaries
We consider the virtual amplitudes for two processes: the gluon-fusion channel heavy-quark
pair-production
g(p1) + g(p2) → Q(p3,m) + Q¯(p4,m) , (2.1)
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and the quark-annihilation channel heavy-quark pair-production
q(p1) + q¯(p2) → Q(p3,m) + Q¯(p4,m) . (2.2)
In both cases, the final state heavy-quarks (top-quarks) are on-shell, p23 = p
2
4 = m
2. The
results presented in the next sections for the first process are new, whereas those for the
second process are an improvement, as far as the kinematical range is concerned, over
those given in ref. [12]. The amplitudes can be expressed in terms of modified Mandelstam
invariants
s = (p1 + p2)
2, t = m2 − (p1 − p3)2, u = m2 − (p1 − p4)2, (2.3)
which satisfy s = t+ u, where
t =
s
2
(1− β cos θ) , (2.4)
and θ is the scattering angle. The ratio of the mass and the center-of-mass energy is
expressed in terms of the velocity of the top-quark
β =
√
1− 4m
2
s
. (2.5)
This is a natural variable for current hadron collider applications, where it is known that
the bulk of the top-quark pair-production cross section comes from the range of moderate
velocities. The high-energy limit is condensed to β ≈ 1, while the production threshold is
to be found at β ≈ 0.
The bare on-shell amplitudes admit a perturbative expansion, of which only the first
three terms are relevant
|M0g,q
(
α0s,m
0, 
)〉=4piα0s
[
|M(0)g,q
(
m0, 
)〉+(α0s
2pi
)
|M(1)g,q
(
m0, 
)〉+(α0s
2pi
)2
|M(2)g,q
(
m0, 
)〉].
(2.6)
The subscript g or q specifies the initial state, while the ket-notation signifies a vector
in color and spin space. We have also indicated the dependence on the parameter of
dimensional regularization with d = 4− 2 space-time dimensions. The external degrees of
freedom are treated with Conventional Dimensional Regularization (CDR), in particular
the gluons have d − 2 degrees of freedom. As usual, we are interested in color and spin
summed squared amplitudes. The two-loop contributions are then given as a product of
the Born and two-loop amplitudes, and may be written as an expansion in the number
of colors, Nc, of a general SU(Nc) group, and the number of closed light-, nl, and heavy-
quark, nh, loops. The heavy quarks in the loops are assumed to have the same mass as
the external top-quarks. We write
2Re 〈M(0)g |M(2)g 〉 =
(
N2c − 1
)
×
(
N3cA
(g) +NcB
(g) +
1
Nc
C(g) +
1
N3c
D(g) +N2c nlE
(g)
l +N
2
c nhE
(g)
h
+ nlF
(g)
l + nhF
(g)
h +
nl
N2c
G
(g)
l +
nh
N2c
G
(g)
h +Ncnl
2H
(g)
l +NcnlnhH
(g)
lh
+Ncnh
2H
(g)
h +
nl
2
Nc
I
(g)
l +
nlnh
Nc
I
(g)
lh +
nh
2
Nc
I
(g)
h
)
, (2.7)
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2Re 〈M(0)q |M(2)q 〉 = 2
(
N2c − 1
)
×
(
N2cA
(q)+B(q)+
1
N2c
C(q)+NcnlD
(q)
l +NcnhD
(q)
h +
nl
Nc
E
(q)
l +
nh
Nc
E
(q)
h
+ nl
2F
(q)
l + nlnhF
(q)
lh + nh
2F
(q)
h
)
. (2.8)
The factor 2 difference between the prefactors in the equations has no deeper meaning, but
is taken over from [24, 25].
The amplitudes are renormalized according to∣∣∣∣MRg,q (α(nf )s (µ),m, µ, )〉 = (µ2eγE4pi
)−2
Zg,qZQ|Mg,q
(
α0s,m
0, 
)〉 , (2.9)
where Zg, Zq and ZQ are the on-shell wave-function renormalization constants for gluons,
and light- and heavy-quarks respectively. A prefactor has been introduced in order to keep
the amplitudes dimensionless and avoid unnecessary γE − ln(4pi) terms. The bare mass is
just m0 = Zmm, while the bare coupling constant is
α0s =
(
eγE
4pi
)
µ2Z
(nf )
αs α
(nf )
s (µ) , (2.10)
which corresponds to the MS scheme with nf = nl + nh active flavors, if the loop integrals
are calculated with the measure ddk/(2pi)d. The necessary renormalization constants can
be found in appendix A. Notice that our results are always given with µ = m.
Renormalization with nl +nh active flavors has been assumed in every previous calcu-
lation of two-loop virtual amplitudes for heavy-quark pair-production. However, once we
are interested in a hadronic cross section, we have to reassess the question of the number
of active flavors. Indeed a natural scale for top-quark pair-production is set by the top-
quark mass. The bulk of the cross section comes from the regime, where non-logarithmic
top-quark mass effects are not negligible, since the top-quarks themselves are not ultra-
relativistic. It is thus more appropriate to calculate cross sections with nl active flavors
and not resum the mass logarithms in either the coupling constant or the parton distribu-
tion functions. Amplitudes with nl active flavors are obtained by decoupling in αs, which
amounts to the substitution
α
(nf )
s = ζαsα
(nl)
s , (2.11)
where the decoupling constant, ζαs , has a perturbative expansion in the strong coupling
constant and can be found in the appendix A.
Although the ultraviolet renormalized amplitudes still contain divergences of infrared
origin, the structure of these divergences is completely understood at the two-loop level [28–
34]. We, therefore, define the finite remainder of the amplitudes through infrared renor-
malization∣∣∣Mfing,q (α(nl)s ,m, µ)〉 = Z−1Mg,q ({p}, {m}, µ, ) ∣∣∣MRg,q (α(nl)s ,m, µ, )〉 , (2.12)
where we have underlined that the amplitude on the right hand side of the equation has been
obtained by decoupling of the heavy quark from the running of αs. The MS renormalization
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constant ZMg,q is a matrix in color space and has a non-trivial dependence on the kinematics
{p} = {p1, . . . , p4}, and by the same on the masses {m} = {0, 0,m,m} of the external
partons. It can be derived from the differential equation
d
d lnµ
ZM
({p}, {m}, µ, ) = −ΓM ({p}, {m}, µ) ZM ({p}, {m}, µ, ) , (2.13)
where we do not specify the initial state anymore, and the color space matrix anomalous
dimension is given by up to two-loops by [33]
ΓM
({p}, {m}, µ) = ∑
(i,j)
Ti ·Tj
2
γcusp
(
α
(nl)
s
)
ln
µ2
−sij +
∑
i
γi
(
α
(nl)
s
)
−
∑
(I,J)
TI ·TJ
2
γcusp
(
βIJ , α
(nl)
s
)
+
∑
I
γI
(
α
(nl)
s
)
+
∑
I,j
TI ·Tj γcusp
(
α
(nl)
s
)
ln
mI µ
−sIj
+
∑
(I,J,K)
i fabc TaI T
b
J T
c
K F1(βIJ , βJK , βKI)
+
∑
(I,J)
∑
k
i fabc TaI T
b
J T
c
k f2
(
βIJ , ln
−σJk vJ · pk
−σIk vI · pk
)
. (2.14)
The summations run over massless (indices i, j, k) and massive (indices I, J,K) partons,
with the notation (i, j, . . .) denoting unordered tuples of different indices. The color op-
erators Tai act on the color indices of the respective partons. If the particle is a gluon
carrying a color index c, we have (Ta)bc = −i fabc, assuming the result has been pro-
jected on color index b. Similarly, for an outgoing quark (or incoming anti-quark) the
generator is (Ta)bc = T
a
bc, whereas for an incoming quark (or outgoing anti-quark) the gen-
erator is (Ta)bc = −T acb. The kinematic dependence is contained in sij = 2σijpi · pj + i0+,
where the sign factor σij = +1 if the momenta pi and pj are both incoming or outgo-
ing, and σij = −1 otherwise. For massive partons there is p2I = m2I , vI = pI/mI , and
coshβIJ = −sIJ/2mImJ . It was noted in refs. [32, 33] that the triple-color-correlators in
the third and fourth line of the anomalous dimension do not contribute to top quark pair
production amplitudes’ divergences. The general case was analyzed in ref. [26] with the
conclusion that these terms never contribute to color and spin summed amplitudes, as long
as the latter are real. The anomalous dimensions’ coefficients relevant to the present work
are given in appendix A.
With the two definitions of ultraviolet and infrared (finite remainder) renormalized
amplitudes, we are ready to proceed with the description of the computational methods
and results.
3 Virtual amplitudes
3.1 Methods
The two-loop amplitudes for heavy-quark pair-production are expressed through 726
Feynman diagrams in the gluon-fusion channel, and 190 diagrams in the quark annihi-
lation channel. Due to the structure of the QCD vertices, the topologies present in the
quark-annihilation case are a subset of those present in the gluon case. Using the Laporta
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algorithm, the occurring integrals are reduced to a set of 422 masters, out of which only
145 are needed for the quark-annihilation case. Based on experience, we consider integrals
with less than six propagators as easy. This leaves 212 difficult six and seven line integrals
to evaluate. In our work, we do not use any external input, i.e. we do not rely on integrals
calculated by others. Nevertheless, 38 of the difficult integrals have been evaluated by one
of us in ref. [12]. The remaining number is further reduced by the fact that 89 integrals
can be obtained from others by a t ↔ u transformation. Thus, the final number of new
integrals evaluated in this work is 100. Thanks to the work ref. [25], 17 of these were at
least known in the high-energy limit.
As explained in the introduction, we chose to work as proposed in ref. [25] and solve
differential equations for the master integrals with numerical methods starting from a
boundary at high-energy. Since we are dealing with four-point amplitudes with a single
mass scale, the integrals, once stripped of their global mass dimension by appropriate
rescaling, depend on two dimensionless variables. This means that the functional depen-
dence of the integrals is fully specified by two systems of homogeneous linear first order
partial differential equations
m2
∂
∂m2
Mi
(
m2/s, t/s, 
)
=
∑
j
J
(m2)
ij
(
m2/s, t/s, 
)
Mj
(
m2/s, t/s, 
)
,
t
∂
∂t
Mi
(
m2/s, t/s, 
)
=
∑
j
J
(t)
ij
(
m2/s, t/s, 
)
Mj
(
m2/s, t/s, 
)
, (3.1)
which can be obtained by taking derivatives in the parameters and reducing the resulting
integrals with integration-by-parts identities to the original masters. The elements of the
Jacobi matrices, J (m
2) and J (t), are rational functions of m2/s, t/s and . We require
a solution for the master integrals in the form of Laurent expansions in . The original
equations are, therefore, transformed into
m2
∂
∂m2
M˜i
(
m2/s, t/s
)
=
∑
j
J˜
(m2)
ij
(
m2/s, t/s
)
M˜j(m
2/s, t/s) ,
t
∂
∂t
M˜i
(
m2/s, t/s
)
=
∑
j
J˜
(t)
ij
(
m2/s, t/s
)
M˜j(m
2/s, t/s) , (3.2)
by expanding all quantities in  to sufficient order. The tilde denotes the coefficients of the
respective expansions.
The solution of the system eq. (3.2) is obtained by choosing a path, possibly complex,
in the parameter space (
m2/s, t/s
) → (m2(z)/s, t(z)/s) , (3.3)
and solving the resulting ordinary differential equation in z. This can be done either
numerically or as a power-logarithmic series in z. In practice, we have proceeded as follows
1. We have determined analytically the first few terms of the high-energy expansion
of the master integrals. The results are a power-logarithmic series in m2/s, with
coefficients, which are exact in t/s. In order to obtain our results, we have used
Mellin-Barnes techniques, and in particular relied heavily on the MB package [35].
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In a few cases, we recovered the exact dependence on t starting from the limiting
behavior at t = 0 and using differential equations in t. In order to obtain the boundary
condition, we performed a double expansion of the Mellin-Barnes representation of
a given Feynman integral in m2 and t. The resulting Mellin-Barnes integrals, which
were pure numbers were evaluated with very high precision and resummed with the
PSLQ algorithm [36]. In simpler cases, we have used the XSummer package [37]
for resummation.
2. In a next step, we have obtained deep high-energy expansions using the differential
equations in m2 and the boundary conditions from the previous step. These expan-
sions were used to derive high-energy expansions of the amplitudes, and to obtain
high precision numerical values of the master integrals at small mass.
3. Using the numerical values determined in the previous step, we have solved the
differential equations in m2 and t along contours in the complex plane. To obtain
the solution, we have used the software from ref. [38] with improvements to handle
higher precision numbers [39].
4. Around β = 0, we have obtained, with the help of the differential equations, deep
power-logarithmic expansions in β for fixed values of the scattering angle. These
expansions were generated from unknown boundary coefficients, which were deter-
mined by matching the expansion to the numerical solution from the previous step
at a point, at which both the expansion and the numerical solution provide high pre-
cision. This method can be used at any singular point, and allows to avoid numerical
instabilities of the differential equations.
3.2 Results
The results obtained with the methods of the previous subsection fall into three kinematical
domains: threshold, “bulk”, and high-energy. The “bulk” domain covers moderate β values
and is given purely numerically on a large grid. The sampling values of β are chosen as
in [1–4], i.e.
βi = i/80 , i = 1, . . . , 79 , (3.4)
and β80 = 0.999. This covers the range of values available at LHC @ 8 TeV. The dependence
on the scattering angle is described through
cos θi = ±xi , i = 1, . . . , 21 , (3.5)
where the xi correspond to the 21 sampling points of the Gauss-Kronrod integration rule
of order 10, and can be obtained with any major algebraic/numeric computer system,
e.g. Mathematica. The Gauss-Kronrod rule is an efficient deterministic rule for smooth
functions, which also provides an error estimate by sampling every second point of the rule
with appropriate weights. This specific choice of the cos θ points has been made, because
a first aim was to provide very precise values of the contributions of the amplitudes to the
total cross sections.
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As explained in the previous section, our final results are given for the finite remainders
of the renormalized virtual amplitudes with nl active flavors. The results are normalized
in such a way that they directly give the contribution to the respective cross section. In
particular we define
A(g) (β, cos θ) = β
(
1− β2)
4096pi
2 Re 〈M(0)g |M(2),fing 〉 ,
A(q) (β, cos θ) = β
(
1− β2)
576pi
2 Re 〈M(0)q |M(2),finq 〉 . (3.6)
In both channels, gluon-fusion and quark-annihilation, there is
σˆ(2)(β) =
αs
4
m2
1
2
∫
d cos θA(β, cos θ) , (3.7)
where σˆ(2)(β) is the two-loop contribution to the cross section. Since our results might
also be used for other processes, such a b-quark pair-production, we keep the dependence
on the number of active flavors exact, and further decompose
A = A0 + nlA1 + nl2A2 . (3.8)
The values of A(g) and A(q) on the grid are attached to this publication in electronic
form. We give five significant digits for each phase space point. This is sufficient for any
practical applications, even if interpolation errors and possible cancellations with the one-
loop-squared contributions are taken into account. In order to illustrate the complexity of
the amplitudes, we plot them in figure 1.
As expected, the functions are very smooth. In the case of gluons, we observe additional
enhancements at β ≈ 1 and cos θ ≈ ±1. For low scattering angle, these are due to diagrams
of the general form depicted in figure 2, which contain a t-channel heavy-quark propagator.
At tree-level, for instance, we have
〈M(0)g |M(0)g 〉 ≈ 2
(
N2c − 1
)2
Nc
s
t
. (3.9)
The behavior at large angles is obtained by t↔ u symmetry.
As in previous publications on the subject, we also provide high-precision values for
the color coefficients, eqs. (2.7), (2.8), of the amplitudes at a benchmark point. They can
be found in table 1 for the renormalized two-loop virtual amplitudes with nl + nh active
flavors. The numbers for the quark-annihilation channel have been presented previously
in [12]. The table also shows, which coefficients are already known analytically. In table 2,
we present the results at the same phase space point, but for the finite remainders with nl
active flavors.
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Figure 1. Finite remainders of the gluon-fusion (left) and quark-annihilation (right) channel
renormalized two-loop virtual amplitudes for different powers of the number of light-quark flavors
nl. The normalization is defined in eqs. (3.6), (3.8) and the scale has been set to µ = m.
Figure 2. A general diagram responsible for the singular behavior of the gluon-fusion amplitude
at high energy and low scattering angle.
While the grid covers a substantial part of the phase space, it cannot completely cover
the high-energy and threshold domains, since the amplitudes are singular in these limits.
For these two cases, we provide expansions. The leading behavior of the high-energy expan-
sions for the renormalized amplitudes has been first determined in refs. [24, 25]. We have
calculated the first three terms of the expansions of the bare two-loop amplitudes analyti-
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−4 −3 −2 −1 0
A(g) 10.74942557 18.69389337 −156.8237244 262.1482588 12.72180680
B(g) −21.28599123 −55.99039551 −235.0412564 1459.833288 −509.6019155
C(g) −6.199051597 −68.70297402 −268.1060373 804.0981895
D(g) 94.08660818 −130.9619794 −283.3496755
E
(g)
l −12.54099650 18.20646589 27.95708293 −112.6060988
E
(g)
h 0.012907497 11.79259573 −47.68412574
F
(g)
l 24.83365643 −26.60868620 −50.75380859 125.0537955
F
(g)
h 0.0 −23.32918072 132.5618962
G
(g)
l 3.099525798 67.04300456 −214.1081462
G
(g)
h 0.0 −179.3374874
H
(g)
l 2.388761238 −5.452031425 3.632861953
H
(g)
lh −0.004302499 −3.945712447
H
(g)
h 0.00439856
I
(g)
l −4.730220272 10.81032548 −7.182940516
I
(g)
lh 0.0 7.780900470
I
(g)
h 0.0
A(q) 0.22625 1.391733154 −2.298174307 −4.145752449 17.37136599
B(q) −0.4525 −1.323646320 8.507455541 6.035611156 −35.12861106
C(q) 0.22625 −0.06808683395 −18.00716652 6.302454931 3.524044913
D
(q)
l −0.22625 0.2605057339 −0.7250180282 −1.935417247
D
(q)
h 0.5623350684 0.1045606449 −1.704747998
E
(q)
l 0.22625 −0.3323207300 7.904121951 2.848697837
E
(q)
h −0.5623350684 4.528240788 12.73232424
F
(q)
l −1.984228442
F
(q)
lh −2.442562819
F
(q)
h −0.07924540546
Table 1. Values of the color coefficients defined in eqs. (2.7), (2.8) of the renormalized two-loop
virtual amplitudes with nl + nh active flavors for the gluon-fusion and quark-annihilation channels
at m2/s = 0.2, t/s = 0.45 with µ = m. The entries with explicit 0.0 vanish because of the scale
choice. The gray shaded values are only known numerically, whereas the remaining ones have been
obtained analytically in [19–23, 33].
cally and converted them into finite remainders. The results are attached to this publication
in electronic form. Notice, that the results for each term of the expansions are exact in the
scattering angle. However, they are in principle only valid if t, u m2, since the expansion
is really in m2/s, m2/t, and m2/u, under the assumption t/s, u/s, t/u=O(1).
The question of the validity of the high-energy expansions at small/large scattering
angle deserves a more careful study. We discuss the small scattering angle case only, since
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gg → QQ¯ qq → QQ¯
A 99.35775524 18.51259223
B 50.28087862 −30.28872915
C 1139.719830 −24.73812607
D 24.99913023
Dl −1.473159900
El −39.12377988 10.41179740
Fl 64.56254598 −1.984228442
Gl −172.6559290
Hl −0.0004110707375
Il 0.0
Dh 0.7062093236
Eh −11.88421959 6.003261199
Fh 51.95989356 −0.07924540546
Gh −136.0272435
Hh 0.004398562176
Ih 0.0
Flh −2.442562819
Hlh −0.01892800046
Ilh 0.0
Table 2. Values of the color coefficients defined in eqs. (2.7), (2.8) of the finite remainders of
the renormalized two-loop virtual amplitudes with nl active flavors for the gluon-fusion (second
column) and quark-annihilation (third column) channels at m2/s = 0.2, t/s = 0.45 with µ = m.
The entries with explicit 0.0 vanish because of the scale choice.
the opposite limit is analogous. First, we note that at cos θ = 1, there is t/s = 1/2(1−β) >
m2/s, with t/s→ m2/s for m2/s→ 0. From this, we conclude that the ratio m2/t should
be considered of the order of unity in the high-energy low-scattering-angle limit. The
convergence of the expansions depends, therefore, on the coefficients of the series. By
inspection, we note that the expansions seem to have a non-zero radius of convergence
at cos θ = 1, but are most probably asymptotic.
Independently of these considerations, in the high-energy small/large scattering-angle
case, cross sections are dominated by real radiation, which means that the issue of the
behavior of the virtual amplitudes in this region is moot.
In the threshold region, the amplitudes are dominated by singularities coming from
potential interactions between the heavy quarks. Beyond the grid, sufficient precision is
obtained already with the leading behavior up to terms of O(β0). For the application of
our results to threshold expansions of cross sections, we are also interested in decomposing
the gluon-fusion channel amplitudes into color structures. In general, there are three
SU(3) invariant color structures linking two incoming gluons with color indices a and b,
with a final state heavy-quark with color index c and anti-quark with color index d: 1)
color singlet, 1, given by δabδcd; 2) symmetric color octet, 8S, given by d
abeT ecd, with
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dabc = 2 Tr(T aT bT c + T cT bT a); and 3) anti-symmetric color octet, 8A, given by if
abeT ecd.
For each of these structures, denoted by α, we introduce a color projector, Pα, such that
P2α = Pα, and P1 + P8S + P8A = 1. The expansions of the finite remainders of the
renormalized two-loop amplitudes with nl active flavors at µ = m read
2 Re 〈M(0)g |P1|M(2), fing 〉 = 〈M(0)g |P1|M(0)g 〉CF pi2
×
{
− 1
β2
CF
[
ln2 β + 2 ln 2 lnβ + ln2 2− pi
2
12
]
+
1
β
[(
CA
(
−11
3
− 4 ln 2
)
+
2
3
nl
)
lnβ
+ CA
(
49
18
− 11
3
ln 2− 6 ln2 2 + pi
2
3
)
+ CF
(
−5 + pi
2
4
)
+ nl
(
−5
9
+
2
3
ln 2
)]
− 4CF ln2 β −
(
4CA + CF (4 + 8 ln 2) + CF cos
2 θ
)
lnβ
}
+ ∆
(g,1)
0 + ∆
(g,1)
2 cos
2 θ , (3.10)
2 Re 〈M(0)g |P8S |M(2),fing 〉 = 〈M(0)g |P8S |M(0)g 〉
(
CF −
CA
2
)
pi2
×
{
− 1
β2
(
CF −
CA
2
)[
ln2 β + 2 ln 2 lnβ + ln2 2− pi
2
12
]
+
1
β
[(
CA
(
−11
3
− 2 ln 2
)
+
2
3
nl
)
lnβ + CA
(
67
18
− 8
3
ln 2− 4 ln2 2 + 5pi
2
24
)
+ CF
(
−5 + pi
2
4
)
+ nl
(
−5
9
+
2
3
ln 2
)]
− 4
(
CF −
CA
2
)
ln2 β −
(
CA(2− 4 ln 2) + CF (4 + 8 ln 2)
+
(
CF −
CA
2
)
cos2 θ
)
lnβ
}
+ ∆
(g,8S)
0 + ∆
(g,8S)
2 cos
2 θ , (3.11)
2 Re 〈M(0)g |P8A |M(2), fing 〉 = 〈M(0)g |P8A |M(0)g 〉
(
CF −
CA
2
)2
pi2
× 1
β2
[
− ln2 β + 2(1− ln 2) lnβ + ln 2(2− ln 2) + pi
2
12
]
, (3.12)
2 Re 〈M(0)q |M(2),finq 〉 = 〈M(0)q |M(0)q 〉
(
CF −
CA
2
)
pi2
×
{
− 1
β2
(
CF −
CA
2
)[
ln2 β + 2 ln 2 lnβ + ln2 2− pi
2
12
]
+
1
β
[(
CA
(
−31
6
+ 2 ln 2
)
+ CF (3− 4 ln 2) +
4
3
nl
)
lnβ + CA
(
131
18
− 43
6
ln 2 + 2 ln2 2− pi
2
4
)
+ CF
(
−8 + 6 ln 2− 6 ln2 2 + 7pi
2
12
)
− 8
9
nh + nl
(
−10
9
+ 2 ln 2
)]
− 1
2
(
CF −
CA
2
)
(3 + cos2 θ) ln2 β +
(
CA
(
−41
12
+
3
2
ln 2
)
+ CF
(
−7
6
− 3 ln 2
)
+ 3nh +
(
−2CA +
16
3
CF
)
cos θ +
1
2
(
CF −
CA
2
)
(1− 2 ln 2) cos2 θ
)
lnβ
}
+ ∆
(q)
0 + ∆
(q)
1 cos θ + ∆
(q)
2 cos
2 θ , (3.13)
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∆
(g,1)
0 ∆
(g,1)
2 ∆
(g,8S)
0 ∆
(g,8S)
2
A(g) 12.64743334
B(g) −136.8630600 −16.71069286 −8.317638322
C(g) 25.21974837 33.42138573 −179.8492935 −8.355346432
D(g) −21.52182675 −16.71069286 43.04365351 33.42138573
E
(g)
l −5.762337505
E
(g)
h 1.250977414
F
(g)
l 0.1795129111 19.45833374
F
(g)
h 6.632216653 −11.07432229
G
(g)
l −1.331755821 14.36406511
G
(g)
h −6.965100683 24.28165052
Table 3. Values of the constant coefficients of the β-expansions, eqs. (3.10), (3.11), of the finite
remainder of the renormalized two-loop virtual amplitude with nl active flavors in the gluon-fusion
channel for the color singlet, ∆(g,1), and symmetric octet, ∆(g,8S), at µ = m. The coefficients of
the unlisted entries vanish.
where the Born matrix elements near threshold are given by
〈M(0)g |P1|M(0)g 〉 = 4
N2c − 1
Nc
,
〈M(0)g |P8S |M(0)g 〉 = 2
(
N2c − 1
) (
N2c − 4
)
Nc
,
〈M(0)g |P8A |M(0)g 〉 = 2Nc
(
N2c − 1
)
β2 cos2 θ ,
〈M(0)q |M(0)q 〉 = 2
(
N2c − 1
)
. (3.14)
The formulae for the expansions of the dominant channels contain constants, which
we have only determined numerically. They are given in tables 3, 4. Notice that several
coefficients in the second table (of fermionic and leading-color bosonic origin) could be
determined analytically using the results of ref. [19, 20]. This requires, however, to add
analytic results for the infrared counter-terms that transform renormalized amplitudes
into finite remainders. In the gluon channel, analytic results are only known for the sum of
the color-structure projected amplitudes. It is thus not possible to obtain any coefficients
presented in table 3 in analytic form with the currently available results from the literature.
4 Threshold expansions of cross sections
Our results for the two-loop virtual amplitudes can be used to obtain the leading threshold
behavior of partonic top-quark pair-production cross sections at next-to-next-to-leading
order. When β ≈ 0, cross sections are dominated by terms of the form β × 1/βn lnm β
with n > 0 and/or m > 0. While the first factor of β is a phase space suppression,
the enhancements by positive powers of lnβ and 1/β are due to emissions of soft gluons
and non-relativistic potential interactions between the quark and the anti-quark. At next-
to-next-to-leading order, the coefficients of these singular terms have been determined in
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∆
(q)
0 ∆
(q)
1 ∆
(q)
2
A(q) 21.39026702
B(q) 41.88839539 −19.23445615
C(q) −53.87050002 76.93782458 0.8658454253
D
(q)
l −1.736456791
D
(q)
h −2.451777776
E
(q)
l −0.5233480317
E
(q)
h −13.46305281
F
(q)
l −2.175776838
F
(q)
lh 0.3322931029
F
(q)
h 1.580246914
Table 4. Values of the constant coefficients of the β-expansion, eq. (3.13), of the finite remainder of
the renormalized two-loop virtual amplitude with nl active flavors in the quark-annihilation channel
with µ = m.
ref. [27]. We would like to extend this analysis to include terms with n = m = 0, which
are velocity independent with respect to the Born cross section. The threshold expansion
including both singular and constant terms can be obtained from factorization as explained
in ref. [26]. According to the latter publication, close to threshold, a cross section for a
given initial state can be written as
σˆ =
∑
α
Hα ⊗ Sα . (4.1)
Hα are called hard functions, and are obtained by expanding in β the partonic cross sections
obtained exclusively with the finite remainder of the virtual amplitudes projected onto the
color configuration α. Therefore, Hα do not contain any real-radiation effects. Sα are
called soft functions, and are given by cross sections for emission of gluons and light-quark
pairs from eikonal lines representing the external partons of the hard process in the color
configuration α. The convolution is performed in the energy of the soft radiation. The
color configurations, α, must correspond to irreducible representations of the SU(3) group,
in order for this simple form to be valid. The cross section expansions are thus labeled by
the color configuration. Accordingly, we introduce the perturbative expansions
σˆij,α(β, µ,m) = σˆ
(0)
ij,α
{
1 +
αs(µ
2)
4pi
[
σˆ
(1,0)
ij,α + σˆ
(1,1)
ij,α ln
(
µ2
m2
)]
(4.2)
+
(
αs(µ
2)
4pi
)2 [
σˆ
(2,0)
ij,α + σˆ
(2,1)
ij,α ln
(
µ2
m2
)
+ σˆ
(2,2)
ij,α ln
2
(
µ2
m2
)]
+O (αs3)} ,
where we only consider the initial states ij = qq¯, gg, and the possible color configura-
tions are α ∈ {1,8} for the quark-annihilation channel, while α ∈ {1,8S,8A} for the
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gluon-fusion channel. In this section, we work exclusively with nl active flavors, which
implies that αs = α
(nl)
s . We will again neglect the scale dependence and set µ = m in the
subsequent expressions.
Using the matrix elements eq. (3.14), we obtain the following threshold expansions for
the dominant color-projected Born cross sections in the gluon-fusion channel
σˆ
(0)
gg,1 = piβ
1
4Nc (N2c − 1)
αs
2
m2
, σˆ
(0)
gg,8S
= piβ
(
N2c − 4
)
8Nc (N2c − 1)
αs
2
m2
. (4.3)
As was pointed out in [40], it is a coincidence that the anti-symmetric octet cross section is
sub-leading in the threshold region. This fact cannot be justified with symmetry arguments
(the often quoted Landau-Yang theorem does not apply to gluons). There is
σˆ
(0)
gg,8A
= piβ3
Nc
24 (N2c − 1)
αs
2
m2
. (4.4)
Finally, the quark channel receives octet contributions only
σˆ
(0)
qq¯ = σˆ
(0)
qq¯,8 = piβ
(
N2c − 1
)
8N2c
αs
2
m2
. (4.5)
Notice that while singlet contributions do not vanish beyond leading order in this channel,
they are not enhanced at threshold and are of O(β3).
We are interested in the threshold expansions of the next-to-next-to-leading order
contributions, σˆ
(2)
ij,α, which take the form
σˆ
(2)
ij,α =
2∑
n=0
4−2n∑
m=0
c
(n,m)
ij,α
1
βn
lnm β . (4.6)
The coefficients of the singular terms of the β-expansions, c
(n,m)
ij,α with n > 0 and/or m > 0,
are in principle known [27], although a contribution has been omitted in the analysis of
c
(0,1)
qq¯ , as we explain in the following. For future reference, we define
C
(2)
ij,α = c
(0,0)
ij,α , (4.7)
for all but the ij = gg, α = 8A case. For the latter, we further define
C
(2)
gg,8A
=
σˆ
(0)
gg,8A
σˆ
(0)
gg,1 + σˆ
(0)
gg,8S
σˆ
(2)
gg,8A
, (4.8)
where the right hand side has been expanded to O (β0). The coefficient C(2)gg,8A is propor-
tional to c
(2,0)
gg,8A
.
The purpose of this section is to obtain C
(2)
ij,α. However, we will first determine a missing
contribution to c
(0,1)
qq¯ . To this end, we return to the derivation of the coefficients of the
β-singular terms in ref. [27], which proceeded with an additional factorization of potential
effects. These can, in fact, be classified into two categories. One category corresponds to
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a) b)
Figure 3. Examples of two-loop contributions leading to a singular dependence of the cross section
on the heavy-quark (thick line) velocity near threshold.
the case, when a quark-anti-quark system is created, and subsequently strongly interacts
through effective potentials, dominated by the Coulomb potential. An example diagram
can be found in figure 3 a). This category gives a complete description of the singlet
case, and was the only one taken into account in ref. [27]. However, in the case of an
octet final state configuration there is another category of enhanced contributions. Indeed,
the pair can then also annihilate, as shown in figure 3 b). Here, the Coulomb exchange
between the virtual heavy quarks leads to a logarithmic singularity as we will demonstrate
below. Unfortunately, since this type of enhancements has not been taken into account in
ref. [27], the cross section expansions given there do not contain all the singular terms. The
additional logarithm contributes to the quark-annihilation channel only. The reason for
the absence of enhancement in the gluon-fusion channel is that the diagram of figure 3 b)
can only occur in the anti-symmetric octet configuration, where the s-channel gluon is
produced from a triple-gluon vertex. At next-to-next-to-leading order, this diagram is
contracted with the Born amplitude, which is sub-leading in the anti-symmetric octet, and
the contribution to the total cross section is only of O (β3 lnβ).
In principle, we could determine the correction to the singular expansion terms directly
from eq. (4.1) after substituting the expansions of the virtual amplitudes from the previous
section. However, the missing term due to figure 3 b) can be obtained with simple argu-
ments based on unitarity and analyticity, which helps to clarify the origin of the logarithmic
enhancement. We start with the definition of the vacuum polarization for gluons
iΠabµν(q) =
q
, (4.9)
and its decomposition by transversality
Πabµν(q) =
(
gµνq
2 − qµqν
)
δab Π
(
q2
)
. (4.10)
With these definitions, it is easy to see that
= Π(s)× . (4.11)
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In fact, the vacuum polarization insertions could be Dyson-resummed leading to the re-
placement
Π(s) → 1
1−Π(s) . (4.12)
By unitarity, the production cross section in the octet configuration is proportional to
Im Π(s), which means that the result containing annihilation contributions to all orders is
given by Im 1/(1− Π(s)). Returning, however, to our fixed-oder analysis at next-to-next-
to-leading order, we note that we only have to consider a single diagram, figure 3 b). The
vacuum polarization contribution in this diagram will be denoted by Π
(2)
C (s). As long as
we are only interested in Coulomb exchanges, the vacuum polarization close to threshold
is expressed through the non-relativistic Coulomb Green function [41] with appropriate
color-factor changes to take into account the octet configuration. Nevertheless, we will
need much less information here. Indeed, if we consider the imaginary part of Π
(2)
C (s), we
can write
Im Π
(2)
C (s) ≈
piαs
2β
(
CF −
CA
2
)
Im Π(1)(s) ≈ piαs
2β
(
CF −
CA
2
)(
−1
2
αsβ TF
)
, (4.13)
where, in the first approximation, we have used the fact that the imaginary part of the
vacuum polarization is related to the cross section, which receives a Coulomb correction in
the form of the Sommerfeld factor, piα/β/(1− exp(−piα/β)), expanded to first non-trivial
order, where now α = (CF − CA/2)αs. The second approximation follows from the well-
known (textbook) expression for the one-loop vacuum polarization function Π(1)(s). The
β suppression of the imaginary part due to the vanishing phase space volume at threshold
is canceled by the Sommerfeld 1/β enhancement. The expression thus tends to a non-
vanishing constant at threshold. This is the reason for which the next-to-leading order
cross section for top-quark pair-production also tends to a non-vanishing constant.
At this point, we have only determined the imaginary part of the vacuum polarization
in a particular limit, which does not allow us to use dispersion relations to obtain the real
part. However, it is still possible to use unitarity and analyticity for the same purpose.
Indeed, the singularity at β = 0 is a branch point modeled as usual by a logarithm. An
appropriate variable to express the occurrence of the cut is the non-relativistic energy of
the system, E =
√
s − 2m ≈ mβ2, where the last approximation is valid for β ≈ 0. The
imaginary part across the cut is obtained from
ln
(−E − i
m
)
≈ 2 lnβ − ipi . (4.14)
Thus, the fact that the imaginary part tends to a constant together with the presence of
a cut in the non-relativistic energy starting from E = 0, allows us to write the final result
for the contribution to the cross section(αs
4pi
)2
σ
(2,0)
qq¯,8
∣∣∣
VP
≈ 2 Im Π(2)C (s) Re
(
− 1
pi
ln
(−E − i
m
))
≈
(αs
4pi
)2(
CF −
CA
2
)
8pi2 lnβ .
(4.15)
Let us now apply the factorization formula eq. (4.1). For the case at hand, we write
σˆij, α = σˆ
(2), V V, fin
ij,α + σˆ
(1), V, fin
ij,α ⊗ S(1)ij,α + σˆ(0)ij,α ⊗ S(2)ij,α , (4.16)
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where σˆ
(1), V, fin
ij,α and σˆ
(2), V V, fin
ij,α are cross sections evaluated with the finite remainder of
the virtual amplitudes at the next-to- and next-to-next-to-leading orders. Notice that the
latter require the one-loop-squared corrections [42–44], besides the two-loop amplitudes of
the present publication. In order to obtain the β-expansion of the one-loop-squared finite
remainders, we have used our own results from [4]. The soft functions, S
(i)
ij,α, on the other
hand, can be found in ref. [45] for the singlet, and in ref. [26] for the octet configurations of
the final state. They are only affected by the choice of the initial state through the Casimir
invariants of the respective representations of the gauge group.
Results for σˆij, α with exact dependence on the number of colors and active flavors can
be found in appendix B. Here, we reproduce the results with Nc = 3 and nl = 5. For the
gluon-fusion channel, there is [27]
σ(2)gg =
68.5471
β2
+
1
β
(
496.3 ln2 β + 321.137 lnβ − 8.62261
)
+ 4608 ln4 β − 1894.91 ln3 β − 912.349 ln2 β + 2456.74 lnβ + C(2)gg , (4.17)
where the constant is obtained by combining the contributions from the three color con-
figurations
C(2)gg =
C
(2)
gg,1 σˆ
(0)
gg,1 + C
(2)
gg,8S
σˆ
(0)
gg,8S
σˆ
(0)
gg,1 + σˆ
(0)
gg,8S
+ C
(2)
gg,8A
, (4.18)
with
C
(2)
gg,1 = 37.1457 + 17.2725nl = 123.508 ,
C
(2)
gg,8S
= 674.517− 45.5875nl = 446.58 ,
C
(2)
gg,8A
= 11.2531− 2.29745nl + 0.142857nl2 = 3.33731 , (4.19)
where the last number here and below corresponds to nl = 5. Combining these numbers
leads to
C(2)gg = 503.664− 29.9249nl + 0.142857nl2 = 357.611 . (4.20)
This result should be compared to the one obtained by expanding the fitting formulae for
the total cross section presented in [4]
C
(2), [4]
gg = 338.179− 26.8912nl + 0.142848nl2 = 207.294 . (4.21)
The correct value of the coefficient at nl = 0 differs from that from ref. [4] by about 50%,
which fits within the error estimate from the latter publication. A partial cancellation of
this coefficient by the term proportional to nl is responsible for the even larger difference
of the values at nl = 5.
In the quark-annihilation channel we have
σ
(2)
qq¯ =
3.60774
β2
+
1
β
(
− 140.368 ln2 β + 32.106 lnβ + 3.95105
)
+ 910.222 ln4 β − 1315.53 ln3 β + 592.292 ln2 β + 515.397 lnβ + C(2)qq¯ . (4.22)
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This formula differs from the one presented in ref. [27], in the coefficient in front of lnβ, by
the amount given in eq. (4.15). In the case of top-quarks, i.e. with nl = 5, the numerical
effect of the correction is tiny. It amounts to a 2.5% reduction of the coefficient, which
was quoted to be 528.557 in ref. [27]. This is important, as the results for the exact total
cross sections in ref. [1] have been parameterized with respect to the threshold expansion.
It turns out that the difference in the coefficient of lnβ is invisible within the numerical
precision of the results of ref. [1]. For the constant term, we obtain
C
(2)
qq¯ = 1104.08− 42.9666nl − 4.28168nl2 = 782.208 , (4.23)
which should be compared with the value from the fitting formula of ref. [1]
C
(2), [1]
qq¯ = 1195.82− 44.1841nl − 4.28168nl2 = 867.858 . (4.24)
The two results are compatible at the 10% level, which is exactly the uncertainty quoted
in ref. [1].
5 Conclusions and outlook
With this publication, we have completed the numerical analysis of two-loop amplitudes
for heavy-quark pair production in the quark-annihilation and gluon-fusion channels. We
have demonstrated that numerical methods based on differential equations lead to high
precision results in the relevant kinematical range. We have also provided expansions in
the threshold and high energy limits, which can be used to obtain reliable numbers for any
phase space points. These results should also be viewed as benchmarks for future analytic
evaluations. In any case, they will constitute the basis for the calculation of differential
distributions for top-quark pair production, which is the subject of current work.
Besides amplitudes, we were also able to provide threshold expansions of partonic cross
sections improving over previous studies. Our results can be incorporated into resummed
predictions for total cross sections. Once virtual amplitudes become known completely
analytically, it will be possible to give fully analytic results for the velocity independent
terms of the threshold expansions. We have provided formulae, which should make such
an exercise straightforward.
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A Renormalization constants and anomalous dimensions
For convenience of the reader, we reproduce in this appendix the renormalization and
decoupling constants necessary for the renormalization of the two-loop amplitudes. Notice
that the one-loop contributions to the constants have to be expanded up to O (2), since
they will multiply one-loop amplitudes, which contain soft-collinear divergences leading to
1/2 poles.
– 19 –
J
H
E
P02(2014)078
The on-shell renormalization constants are
Zg = 1 +
α(nf )s
2pi
TFnh{− 23 − 23 lµ − 13l2µ − pi218 − 192l3µ − pi218 2lµ + 292ζ3
}
+
α(nf )s
2pi
2 TFnh{TFnh[ 49 lµ + 23 l2µ + pi227
]
+ TFnl
[
− 4
92
− 4
9
lµ −
2
9
l2µ −
pi2
27
]
+ CF
[
− 1
2
− lµ −
15
4
]
+ CA
[
35
362
+
13
18
lµ −
5
8
− 5
4
lµ +
1
9
l2µ +
13
48
+
13pi2
216
]}
,
Zq = 1 +
α(nf )s
2pi
2CFTFnh[ 14 + 12 lµ − 524
]
,
ZQ = 1 +
α(nf )s
2pi
CF{− 32 − 2− 32 lµ − 4− 2lµ − 34l2µ − pi28 − 82 − 42lµ − 2l2µ
− 1
4
2l3µ −
pi2
6
2 − pi
2
8
2lµ +
1
2
2ζ3
}
+
α(nf )s
2pi
2CF{TFnh[ 14 + 1 lµ + 94772 + 116 lµ
+
3
2
l2µ −
5pi2
4
]
+ TFnl
[
− 1
22
+
11
12
+
113
24
+
19
6
lµ +
1
2
l2µ +
pi2
3
]
+ CF
[
9
82
+
51
16
+
9
4
lµ +
433
32
+
51
8
lµ +
9
4
l2µ −
49pi2
16
+ 4pi2 ln 2− 6ζ3
]
+ CA
[
11
82
− 127
48
− 1705
96
− 215
24
lµ −
11
8
l2µ +
5pi2
4
− 2pi2 ln 2 + 3ζ3
]}
,
Zm = 1 +
α(nf )s
2pi
CF{− 32 − 2− 32 lµ − 4− 2lµ − 34l2µ − pi28 − 82 − 42lµ − 2l2µ
− 1
4
2l3µ −
pi2
6
2 − pi
2
8
2lµ +
1
2
2ζ3
}
+
α(nf )s
2pi
2CF{TFnh[− 122 + 512 + 14324
+
13
6
lµ +
1
2
l2µ −
2pi2
3
]
+ TFnl
[
− 1
22
+
5
12
+
71
24
+
13
6
lµ +
1
2
l2µ +
pi2
3
]
+ CF
[
9
82
+
45
16
+
9
4
lµ +
199
32
+
45
8
lµ +
9
4
l2µ −
17pi2
16
+ 2pi2 ln 2− 3ζ3
]
+ CA
[
11
82
− 97
48
− 1111
96
− 185
24
lµ −
11
8
l2µ +
pi2
3
− pi2 ln 2 + 3
2
ζ3
]}
, (A.1)
where lµ = lnµ
2/m2, and the first two formulae (on-shell wave-function renormalization
constants for the gluon and light quark fields) have been taken from [24, 25], while the third
and fourth (heavy-quark wave-function and mass renormalization constants) from [46].
The MS renormalization constant for the strong coupling up to the two-loop level is
given in terms of beta-function coefficients
Zαs = 1−
α(nf )s
2pi
 b0
2
+
α(nf )s
2pi
2( b20
42
− b1
8
)
, (A.2)
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where
b0 =
11
3
CA −
4
3
TFnf , b1 =
34
3
CA
2 − 20
3
CATFnf − 4CFTFnf . (A.3)
Finally, we reproduce the two-loop decoupling constant for the strong coupling [47]
ζαs = 1 +
(
α
(nl)
s
2pi
)
TFnh
{
2
3
lµ +
1
3
l2µ +
pi2
18
+
1
9
2l3µ +
pi2
18
2lµ −
2
9
2ζ3
}
+
(
α
(nl)
s
2pi
)2
TFnh
{
4
9
TFnhl
2
µ + CF
[
15
4
+ lµ
]
+ CA
[
−8
9
+
5
3
lµ
]}
. (A.4)
We also list the anomalous dimensions occurring in eq. (2.14) necessary to obtain
the finite remainders of the two-loop amplitudes. The anomalous dimensions related to a
single parton (collinear in origin for massless partons and soft in origin for massive partons)
are [30, 31]
γg
(
α
(nl)
s
)
=
(
α
(nl)
s
2pi
){
−11
6
CA +
2
3
TFnl
}
+
(
α
(nl)
s
2pi
)2{
CA
2
[
− 173
27
+
11pi2
72
+
1
2
ζ3
]
+ CATFnl
[
64
27
− pi
2
18
]
+ CFTFnl
}
, (A.5)
γq
(
α
(nl)
s
)
= −
(
α
(nl)
s
2pi
)
3
2
CF +
(
α
(nl)
s
2pi
)2
CF
{
CA
[
− 961
216
− 11pi
2
24
+
13
2
ζ3
]
+ CF
[
−3
8
+
pi2
2
− 6ζ3
]
+ TFnl
[
65
54
+
pi2
6
]}
, (A.6)
γQ
(
α
(nl)
s
)
= −
(
α
(nl)
s
2pi
)
CF +
(
α
(nl)
s
2pi
)2
CF
{
CA
[
− 49
18
+
pi2
6
− ζ3
]
+
10
9
TFnl
}
. (A.7)
The cusp anomalous dimensions are given by [48, 49]
γcusp
(
α
(nl)
s
)
=
α
(nl)
s
pi
+
(
α
(nl)
s
2pi
)2{
CA
[
67
9
− pi
2
3
]
− 20
9
TFnl
}
, (A.8)
γcusp
(
β, α
(nl)
s
)
= γcusp
(
α
(nl)
s
)
β cothβ
+
(
α
(nl)
s
2pi
)2
2CA
{
coth2 β
[
Li3
(
e−2β
)
+ β Li2
(
e−2β
)
− ζ3+pi
2
6
β +
1
3
β3
]
+ cothβ
[
Li2
(
e−2β
)
− 2β ln
(
1− e−2β
)
− pi
2
6
(1 + β)− β2 − 1
3
β3
]
+
pi2
6
+ ζ3 + β
2
}
. (A.9)
B Color dependence of threshold expansions
In this appendix, we present the threshold expansions of the partonic cross sections at
next-to-next-to-leading order, with the normalization defined in eq. (4.2), including exact
dependence on Nc, the number of colors of the SU(Nc) gauge group, and the number
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of active flavours, nl, at µ = m. The next-to-leading order expansions can be found
in [50, 51]. We decompose the results into singular terms in β and β-indpendent terms.
First, we reproduce the former from ref. [27] after correcting the quark-annihilation channel
result as derived in section 4
σ
(2,0)
qq¯ =
(2CF − CA)2pi4
3β2
+
(2CF − CA)pi2
9β
[
288CF ln
2 β + 6
(
48CF ln 2− 23CA + 2nl
)
lnβ
+ 12CF
(− 24 + 9 ln 2 + pi2)+ 3CA(89− 58 ln 2− 3pi2)+ 6nl(− 5 + 6 ln 2)− 32]
+ 512C2F ln
4 β +
128
9
CF
[
72CF
(− 2 + 3 ln 2)− 29CA + 2nl] ln3 β
+
16
9
[
2CF
(
12CF
(
120− 207 ln 2 + 156 ln2 2− 7pi2)+ 3CA (217− 198 ln 2− 4pi2)
+ 6nl(−9 + 10 ln 2)− 32
)
+ 3CA(17CA − 2nl)
]
ln2 β
+
4
27
[
2CF
(
36CF
(−960+ln 2 (1368−84pi2)−1140 ln2 2 + 576 ln3 2+55pi2+336ζ3)
+ 2CA
(−7582 + 108 ln 2 (115− 2pi2)− 5886 ln2 2 + 360pi2 + 189ζ3)
+ 4nl
(
338− 630 ln 2 + 378 ln2 2− 9pi2)+ 768− 1152 ln 2 + 27pi2)
+ 3CA
(
6CA
(−185 + 126 ln 2 + 6pi2 − 6ζ3)+ 12nl(11− 10 ln 2) + 64− 9pi2)] lnβ
+ C
(2)
qq¯ , (B.1)
σ
(2,0)
gg,1 =
4C2Fpi
4
3β2
+
2CFpi
2
9β
[
288CA ln
2 β + 6
(
CA(−11 + 48 ln 2) + 2nl
)
lnβ
+ 9CF
(− 20 + pi2)+ CA(67− 66 ln 2 + 3pi2)+ 2nl(− 5 + 6 ln 2)]+ 512C2A ln4 β
+
128
9
CA
[
CA
(− 155 + 216 ln 2)+ 2nl] ln3 β + 329 CA[9CF (− 20 + pi2)
+ CA
(
1963− 2790 ln 2 + 1872 ln2 2− 96pi2)+ 2nl(− 17 + 18 ln 2)] ln2 β
+
16
27
[
27CF
(− 2CFpi2 + CA (80 + 6 ln 2 (−20 + pi2)− 5pi2) )+ CA(CA(−23758
+ 18 ln 2
(
1963− 96pi2)− 24246 ln2 2 + 10368 ln3 2 + 1251pi2 + 6237ζ3)
+ 2nl
(
218− 306 ln 2 + 162 ln2 2− 9pi2))] lnβ + C(2)gg,1 , (B.2)
σ
(2,0)
gg,8S
=
(2CF − CA)2pi4
3β2
+
(2CF − CA)pi2
18β
[
576CA ln
2 β + 12
(
CA(−23 + 48 ln 2)+2nl
)
lnβ
+ 18CF
(− 20+pi2)+CA(278−132 ln 2−3pi2)+4nl(− 5+6 ln 2)]+512C2A ln4 β
+
128
9
CA
[
CA
(− 173 + 216 ln 2)+ 2nl] ln3 β + 169 CA[18CF (− 20 + pi2)
+ CA
(
4553− 6156 ln 2 + 3744 ln2 2− 201pi2)+ 2nl(− 37 + 36 ln 2)] ln2 β
+
4
27
[
54CF
(− 4CFpi2+CA (180+12 ln 2 (−20+pi2)−7pi2) )+CA(CA(−111418
+ 36 ln 2
(
4499− 201pi2)− 105624 ln2 2 + 41472 ln3 2 + 5823pi2 + 24840ζ3)
+ 4nl
(
505− 666 ln 2 + 324 ln2 2− 18pi2))] lnβ + C(2)gg,8S . (B.3)
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The β-independent terms are obtained from eq. (4.16). They read
C
(2)
qq = N
2
c
(
146218
27
− 33677pi
2
108
− 491pi
4
240
− 11773ζ(3)
9
+
(
−8044+ 815pi
2
2
+1404ζ(3)
)
ln 2
+
(
50585
9
− 209pi2
)
ln2 2− 2252 ln3 2 + 508 ln4 2
)
+Nc
(
−13568
81
+
56pi2
9
+
1952
9
ln 2− 1088
9
ln2 2
)
+
(
−588430
81
+
43709pi2
108
+
467pi4
72
+
19891ζ(3)
9
+
(
97336
9
−604pi2−2772ζ(3)
)
ln 2
+
(
−70286
9
+ 372pi2
)
ln2 2 + 3584 ln3 2− 1016 ln4 2
)
+
1
Nc
(
256
3
− 40pi
2
9
+
(−160 + 2pi2) ln 2 + 1088
9
ln2 2
)
+
1
N2c
(
2624− 1525pi
2
12
− 533pi
4
144
− 896ζ(3) +
(
−3696 + 1253pi
2
6
+ 1344ζ(3)
)
ln 2
+
(
2505− 472pi
2
3
)
ln2 2− 1332 ln3 2 + 508 ln4 2
)
+ nl
(
Nc
(
−23380
81
+
685pi 2
54
+
226ζ(3)
9
+
(
13940
27
− 38pi
2
3
)
ln 2− 3584
9
ln2 2
+
416
3
ln3 2
)
+
(
320
81
− 128
27
ln 2
)
+
1
Nc
(
14948
81
− 661pi
2
54
− 226ζ(3)
9
+
(
−3220
9
+ 14pi2
)
ln 2 +
2984
9
ln2 2− 416
3
ln3 2
))
+ n2l
(
100
81
+
4pi2
9
− 80
27
ln 2 +
16
9
ln2 2
)
+ 2
∫
d cos θ
2 Re 〈M(0)q |M(2),finq 〉
〈M(0)q |M(0)q 〉
∣∣∣∣∣
β0
, (B.4)
C
(2)
gg,1 = N
2
c
(
1091701
81
− 19414pi
2
27
− 1895pi
4
144
− 35750ζ(3)
9
+
(
−181424
9
+
3181pi2
3
+ 5544ζ(3)
)
ln 2 +
(
14496− 690pi2) ln2 2− 6672 ln3 2
+2032 ln4 2
)
+
(
610− 188pi
2
3
− 5pi
4
8
+
(
−960+ 166pi
2
3
)
ln 2+
(
680−42pi2) ln2 2)
+
1
N2c
(
25− pi
2
6
+
17pi4
16
− 11
3
pi2 ln 2 + 4pi2 ln2 2
)
+ nlNc
(
−21256
81
+
403pi2
27
+
452ζ(3)
9
+
(
3488
9
−16pi2
)
ln 2−272 ln2 2+96 ln3 2
)
+ 2
∫
d cos θ
2 Re 〈M(0)g |P1|M(2),fing 〉
〈M(0)g |P1|M(0)g 〉
∣∣∣∣∣
β0
, (B.5)
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C
(2)
gg,8S
= N2c
(
1285909
81
− 46937pi
2
54
− 253pi
4
20
− 39728ζ(3)
9
+
(
−210416
9
+ 1228pi2 + 5520ζ(3)
)
ln 2 +
(
16464− 740pi2) ln2 2− 7168 ln3 2
+2032 ln4 2
)
+
(
750− 135pi
2
2
+
3pi4
2
+
(−1060+53pi2) ln 2+(680−34pi2) ln2 2)
+
1
N2c
(
25− pi
2
6
+
17pi4
16
− 11
3
pi2 ln 2 + 4pi2 ln2 2
)
+ nlNc
(
−25528
81
+
439pi2
27
+
452ζ(3)
9
+
(
4040
9
−16pi2
)
ln 2−296 ln2 2+96 ln3 2
)
+ 2
∫
d cos θ
2 Re 〈M(0)g |P8S |M(2),fing 〉
〈M(0)g |P8S |M(0)g 〉
∣∣∣∣∣
β0
. (B.6)
The remaining integrals must be performed with the numerical values given in tables 3
and 4. The restriction |β0 is there to specify that only the β-independent contributions of
the amplitude expansions are to be included.
The β-independent term in the case of the anti-symmetric octet configuration in the
gluon-fusion channel, which is also the leading term in the expansion for this color config-
uration, can be given in an entirely analytic form
C
(2)
gg,8A
=
1
144(N2c − 2)
(
N4c
(
64− 384 ln 2 + 576 ln2 2)+N3c (448− 48pi2
+
(−1344 + 144pi2) ln 2)+N2c (976− 264pi2 + 9pi4 + (192 + 288pi2) ln 2
−2304 ln2 2)+Nc (672− 408pi2 + 36pi4 + (2688− 288pi2) ln 2)+ (144− 96pi2
+52pi4 +
(
1152− 576pi2) ln 2 + 2304 ln2 2)+ nl (N3c (64− 192 ln 2)
+N2c
(
224− 24pi2)+Nc (96− 48pi2 + 384 ln 2))+ 16n2l N2c ) . (B.7)
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